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Abstract
We study the world-sheet conformal field theories for T-folds systematically based on the
Lie algebra lattices representing the momenta of strings. The fixed point condition required
for the T-duality twist restricts the possible Lie algebras. When the T-duality acts as a
simple chiral reflection, one is left with the four cases, A1, D2r, E7, E8, among the simple
simply-laced algebras. From the corresponding Englert-Neveu lattices, we construct the
modular invariant partition functions for the T-fold CFTs in bosonic string theory. Similar
construction is possible also by using Euclidean even self-dual lattices. We then apply our
formulation to the T-folds in the E8 ×E8 heterotic string theory. Incorporating non-trivial
phases for the T-duality twist, we obtain, as simple examples, a class of modular invariant
partition functions parametrized by three integers. Our construction includes the cases
which are not reduced to the free fermion construction.
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1 Introduction
A salient feature of string theory is that physics on different background geometries can
be equivalent due to duality symmetries. This allows us to think of geometries whose
coordinate patches are glued by duality transformations, as well as by ordinary general
coordinate transformations [1–3]. They are relevant in understanding the vacua and the
symmetries of string theory, and may give clues to formulations of string theories where the
duality symmetries are manifest.
When such stringy geometries involve T-duality, they are called T-folds [4]. They have
been studied mainly in the framework of supergravity and Double Field They [5]. In order
to go beyond and analyze their quantum aspects, one may need the world-sheet approach
based on conformal field theory (CFT). The transitions in the target space by T-duality are
represented on the world-sheet as the twists by the T-duality transformations. Since they
are generally left-right asymmetric, the world-sheet theories fall into a particular class of
asymmetric orbifold CFTs. Such T-fold CFTs have been studied e.g. in [6–17].
As is generally the case for asymmetric orbifolds, the construction of the T-fold CFTs
is not automatic. In addition to the modular invariance, there is an issue of the relative
phases of the action of the T-duality twist on the left- and right-movers [7,8], which may be
regarded as an analog of the discrete torsions. As an interesting consequence of the explicit
construction of a class of T-fold CFTs, it is found that T-folds provide a simple setting to
realize non-supersymmetric string vacua with vanishing cosmological constant at least at one
loop [16]. The mechanism there is extended to a more general class of asymmetric orbifolds
[17]. Through T-folds and related more general non-geometric backgrounds (monodrofolds
[3]), one can also explore the possibility that the world-sheet conformal interfaces [18–20],
which may be regarded as fundamental from the world-sheet point of view, can be applied
to string theory [14]. For the applications of the conformal interfaces to string theory, see
e.g. [21–24].
In spite of the developments on T-fold CFTs so far, we are still lacking their general
construction, which is in contrast to the quite general analysis from the target space point
of view by supergravity. The purpose of this paper is to advance a step in this direction
and provide a systematic construction of the modular invariant partition functions of T-
fold CFTs. A point of our construction is that we formulate the problem based on the
momentum lattices in order to control the modular properties of the partition functions in
the twisted sectors from the asymmetric T-duality twist. This allows us to consider the
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cases which are not reduced to the free fermion construction as well.1
The condition that the T-duality twist acts in a single Hilbert space requires the back-
ground moduli of the torus compactification to be invariant under the T-duality transfor-
mation, i.e. at the fixed points, as is found also in the supergravity analysis [1,25]. Imposing
this condition, we first give the modular invariant partition functions for T-folds in bosonic
string theory, whose momentum lattices are associated with the Lie algebra lattices called
Englert-Neveu lattices. The fixed-point condition restricts the possible Lie algebras. In
the case where the T-duality acts as a simple chiral reflection in the right-mover, we are
left with the four cases, A1, D2r, E7, E8 among the simple simply-laced algebras. Similar
construction is also possible by using Euclidean even self-dual lattices. We then apply our
construction to the T-folds in the E8 × E8 heterotic string theory. Including non-trivial
phases in the T-duality twists, the twisted partition functions in the originally intact left-
mover are represented by the building blocks which appeared in the bosonic-string case. As
simple examples, we explicitly construct a class of the modular invariant partition functions
of the T-fold CFTs parametrized by three integers. The cases including the building blocks
from A1 and E7 are not covered by the fermionization.
The rest of this paper is organized as follows: In section 2, we summarize the toroidal
compactification and T-duality in bosonic string theory, which also serves as fixing our
notation and conventions. In section 3, we set up our problem and analyze the fixed-point
(self-duality) condition of the T-duality transformations. In section 4, we construct the
modular invariant partition functions for T-folds in bosonic string theory, based on the Lie
algebra lattices. In section 5, we apply our construction to the T-folds in the heterotic
string theory. In section 6, we conclude with a summary and discussion. In appendix A, we
summarize the characters of the affine Lie algebras and our building blocks for the modular
invariant partition functions.
2 Toroidal compactification and T-duality
Let us consider the bosonic string theory where d coordinates are compactified on a d-
dimensional torus T d. We basically follow the conventions in [26, 27]: The compactified
coordinates X i (i = 1, ..., d) have a periodicity X i ≈ X i + 2π. The constant background
1Based on the free fermion construction, systematic scans of of certain classes of T-fold CFTs have been
performed for type II [10] and heterotic [11] superstrings.
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fields, the metric Gij and the anti-symmetric tensor Bij , are organized into a matrix,
Eij := Gij +Bij , (2.1)
which forms the background moduli of the compactification. The metric and anti-symmetric
tensor are its symmetric and anti-symmetric part, respectively, i.e. G = (E + Et)/2, B =
(E −Et)/2, where we have suppressed indices. The vielbeins are defined so that
d∑
a,b=1
δabe
a
i e
b
j = 2Gij ,
d∑
a=1
eai e
∗j
a = δ
i
j , (2.2)
implying
∑d
a,b=1 δ
abe∗ia e
∗j
b =
1
2
Gij. The space-time indices i, j are converted to those of the
tangent space a, b by eai /
√
2,
√
2e∗ia , and they are lowered and raised by Gij, G
ij and δab, δ
ab.
The world-sheet Hamiltonian takes the form,
H = L0L + L0R , (2.3)
where
L0L :=
1
2
p2L +N , L0R :=
1
2
p2R + N˜ ,
pLa(E) := e
∗i
a [ni −Eijwj] , pRa(E) := e∗ia [ni + Etijwj] , (2.4)
with p2L/R = pL/Raδ
abpL/Rb and ni, w
j ∈ Z being the momentum and winding numbers. The
dependence on the background Eij has been indicated explicitly in the momenta pL/R. The
transpose of Eij reads E
t
ij = Gij−Bij. The remaining terms N, N˜ are the number operators
for the oscillator modes,
N(E) =
∑
m>0
αi−m(E)Gijα
j
m(E) , N˜(E) =
∑
m>0
α˜i−m(E)Gijα˜
j
m(E) , (2.5)
which take the values of non-negative integers. The partition function then takes the form
Tr
[
qL0L−
d
24 q¯L0R−
d
24
]
=
1
|η(τ)|2d
∑
pL,pR
q
1
2
p2
L q¯
1
2
p2
R , (2.6)
where q = e2πiτ and τ = τ1 + iτ2 (τ1 ∈ R, τ2 > 0) is the modulus of the torus. The sum
over the zero-modes are regarded as that over the Lorentzian lattice Λ which is formed
by the pair of the momenta (pL, pR), and equipped with the Lorentzian inner product,
(pL, pR) ◦ (p′L, p′R) = pLp′L−pRp′R. Since this lattice is even self-dual, i.e. (pL, pR)2 ∈ 2Z and
Λ = Λ∗ (dual lattice), the above partition function is modular invariant. The zero-mode
part of H is concisely expressed as
H0 =
1
2
(p2L + p
2
R) =
1
2
vtM(E)v , (2.7)
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where v := (wi, nj)
t and
M(E) :=
(
G−BG−1B BG−1
−G−1B G−1
)
. (2.8)
This Hamiltonian keeps its form under the canonical map [27] associated with an O(d, d,Z)
matrix. To see this, we first note that an O(d, d) matrix g is defined as a 2d × 2d matrix
satisfying
gtJg = J , J :=
(
0 Id
Id 0
)
, (2.9)
with Ik being the k-dimensional identity matrix. One finds that M(E) ∈ O(d, d,R). We
then consider two backgrounds E and E ′ which are related to each other by the O(d, d,Z)
transformation,
E → E ′ = g(E) := (aE + b)(cE + d)−1 , (2.10)
for g ∈ O(d, d,Z) of the form,
g =
(
a b
c d
)
. (2.11)
This in turn implies the map of the metric,
G→ G′ = γ⋆LGγ−1L = γ⋆RGγ−1R , (2.12)
and that for the vielbein,
eai → e′ai = eaj (γ−1L )ji = eaj (γ−1R )ji , (2.13)
up to orthogonal transformations in the tangent space. Here, we have defined
γL(E) := (d− cEt) , γR(E) := (d+ cE) , (2.14)
and O⋆ := (Ot)−1 for any invertible matrices, and used (E ′)t = (aEt − b)(−cEt + d). The
canonical map acts on the oscillators as
αm(E)→ γ−1L (E)αm(E ′) , α˜m(E)→ γ−1R (E)α˜m(E ′) . (2.15)
These are valid also for the zero-modes with the level m = 0,
α0(E) =
1√
2
G−1(n− Ew) , α˜0(E) = 1√
2
G−1(n+ Etw) , (2.16)
and thus (2.15) is translated into
pˆL(E)→ γtL(E) pˆL(E ′) , pˆR(E)→ γtR(E) pˆR(E ′) , (2.17)
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in terms of
pˆLj(E) := e
a
i pLa(E) = (n− wEt)j , pˆRj(E) := eai pRa(E) = (n+ wE)j . (2.18)
By these transformation rules, the number operators are mapped as
N(E)→ N(E ′) , N˜(E)→ N˜(E ′) , (2.19)
whereas
H0(E)→ 1
2
vtgM(E)gtv = H0(E
′) , (2.20)
where we have used M(E ′) = gM(E)gt. These indeed show that the form of H(E) is kept
intact. The transformation (2.20) is regarded as either that of M(E) with v kept fixed or
that of v with E kept fixed. Since g ∈ O(d, d,Z) and hence the integer-valued vector gtv
can be renamed as v, one confirms that the spectrum is invariant under the map.
3 Partition functions for T-folds
We now consider the asymmetric orbifolds by the O(d, d,Z) T-duality transformations dis-
cussed in the previous section. In particular, we start from the target space,
M × R× T d , (3.1)
and twist the strings on it by the operator
σ = T2πR ⊗ g . (3.2)
Here T2πR stands for the shift by 2πR in R, and g ∈ O(d, d,Z) for the T-duality twist
acting on T d. M is other non-compact part. Consequently, we are considering a class of
non-geometric backgrounds, i.e. T-folds, where R twisted by T2πR provides the ‘base’ circle
S1R with radius R , while T
d is its ‘fiber’.
3.1 World-sheet partition functions
In order to construct the world-sheet torus partition functions describing the strings on the
above T-folds, we start with the partition function for the R × T d part with the m-fold
temporal twist,
Z(0,m)(τ) := Tr
[
σm qL0−
c
24 q¯L˜0−
c
24
]
. (3.3)
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Here, L0, L˜0 and c are the Virasoro generators and the central charge, respectively, and the
trace is taken over the untwisted Hilbert space. The trace in the base part is evaluated as
Trbase
[
(T2πR)m qLbase0 − 124 q¯L˜base0 − 124
]
= ZR,(0,m)(τ) , (3.4)
where
ZR,(w,m)(τ) =
R√
τ2|η(τ)|2 e
−piR2
τ2
|wτ+m|2
(3.5)
is the partition function for a free boson on S1R in the winding sector with the spatial and
temporal winding number w,m ∈ Z, respectively. η(τ) is the Dedekind η function. If the
twist acted on the R and the T d part independently, the partition function in the base
part would be
∑
w,m∈R ZR,(w,m), giving the ordinary partition function for a compactified
free boson. Denoting the fiber part as ZT
d
(0,m), the trace in (3.3) is written as Z(0,m) =
ZR,(0,m)Z
T d
(0,m).
The partition functions in the base part transform covariantly under the modular trans-
formations,
ZR,(w,m)(τ)
∣∣
T
(≡ ZR,(w,m)(τ + 1)) = ZR,(w,w+m)(τ) ,
ZR,(w,m)(τ)
∣∣
S
(≡ ZR,(w,m)(−1/τ)) = ZR,(m,−w)(τ) . (3.6)
These form a particular representation of the modular group. If the fiber part ZT
d
(0,m) satisfies
the same form of the modular covariance,
ZT
d
(w,m)(τ)
∣∣∣
T
= ZT
d
(w,w+m)(τ) , Z
T d
(w,m)(τ)
∣∣∣
S
= ZT
d
(m,−w)(τ) , (3.7)
they give ZT
d
(w,m) with general winding numbers. Summing up all, the total partition function
in such a case,
Z(τ) = ZM(τ)
∑
w,m∈Z
ZR,(w,m)(τ)Z
T d
(w,m)(τ) , (3.8)
becomes modular invariant. Here, the first factor ZM is the contribution from M in the
background, which is assumed to be modular invariant itself.
In this argument, a non-trivial step for constructing the modular invariant Z(τ) is to find
the fiber partition functions with the desired covariance (3.7). We see that a formulation
based on the momentum lattices is useful to control the modular properties of the fiber part
for that purpose.
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3.2 Fixed points of T-duality transformations
In the fiber part, the twist operator σ acts as a T-duality transformation. In general, T-
duality connects different (but equivalent) world-sheet theories, and thus in order for the
twist to be well-defined in a single Hilbert space, it has to be self-dual.2 In other words,
the CFTs for T-folds are defined at the fixed points of the moduli space under the T-
duality transformations. This also conforms to the supergravity analysis [1, 25]. Given the
transformation rule (2.10), this condition is represented as
E = (aE + b)(cE + d)−1 , (3.9)
for g of the form (2.11). This also implies the invariance of the metric,
G = γtL/RGγL/R . (3.10)
Denoting the momentum squared as
p2L(E) = pˆ
t
L(E)
1
2
G−1pˆL(E) , p2R(E) = pˆ
t
R(E)
1
2
G−1pˆR(E) , (3.11)
one finds that p2L/R is separately invariant in the self-dual case.
To read off the form of the O(d, d,Z) element implementing the self-dual transformation,
we rewrite the transformation (2.17) in the form,(
pˆLj(E)
pˆRj(E)
)
= P (E)v→ Γ(E)tP (E)v =: P (E)gtSDv , (3.12)
where v = (wi, nj)
t as before, P (E) :=
(−E Id
Et Id
)
, and Γ(E) :=
(
γL 0
0 γR
)
. After the
map in the above, one has pˆL/R(E) instead of pˆL/R(E
′) due to the self-duality. Comparing
this to the map of the Hamiltonian (2.20), one finds that gSD in the above represents the
corresponding O(d, d) element. Its explicit form is [15, 28]
gSD = P
tΓP ⋆
=
1
2
(
γ⋆L + γ
⋆
R − Bγ−G−1 −(γ⋆L + γ⋆R − Bγ−G−1)B −Gγ− +Bγ+
−γ−G−1 γ−G−1B + γ+
)
, (3.13)
with γ± := γL ± γR. Here, we have used P (E)−1 = 12
(−Id Id
Et E
)(
G−1 0
0 G−1
)
, and the
invariance of G (3.10). This gives a necessary condition on the form of the self-dual trans-
formation. Using the invariance of G, one can check that gSD ∈ O(d, d,R). Thus, if its
components are integer-valued, gSD provides a proper O(d, d,Z) self-dual transformation.
2In this paper, we use ‘self-dual’ to express both the ‘self-dual’ T-duality transformation satisfying (3.9)
and the ‘self-dual’ lattice satisfying Λ = Λ∗ as below (2.6).
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3.3 Fiber twist
As a simple example of (3.13), we consider in this paper the case where
γL = Id , γR = −Id , (3.14)
and hence
gSD = −
(
BG−1 −BG−1B +G
G−1 −G−1B
)
= −M(E)J . (3.15)
This is a Z2 element, g
2
SD = I2d, since g
−1 = JgtJ for g ∈ O(d, d) and M(E)t = M(E). One
can explicitly check that it induces a self-dual transformation E → E ′ = E. A sufficient
condition for the integer-valuedness of gSD is Eij , G
ij/2 ∈ Z, which follows from the product
form in (3.13). When Eij is triangular e.g. Bij = Gij (i > j), it is also sufficient that
Eij, G
ij ∈ Z. This is confirmed by noting that Eij ∈ Z implies 2Gij , Gii (no sum) ∈ Z and
that the products of Bij and matrices are rewritten as∑
j
BijMjk =
∑
j
GijMjk − 2
∑
i<j
GijMjk −GiiMik, (3.16)
which is used for M = G−1 or G−1B. We note that in general the above gSD does not
correspond to the G↔ G−1 (R↔ 1/R) duality, in spite of the forms of γL, γR.
In this case, from the transformation (2.15), i.e. (αm, α˜m) → (αm,−α˜m), it follows
that the oscillator contribution to the twisted partition function in the fiber part becomes[
2η(τ)/θ2(τ)
]d/2 × η(τ)−d. In the zero-mode part, the right momenta are projected out,
pˆR = 0, which implies that n = −Etw and hence we are left with the Euclidean lattice sum
in the left-moving sector with this constraint. Taking into account gmSD = 1 (m ∈ 2Z) and
gmSD = g (m ∈ 2Z+ 1) in the untwisted sector (w = 0), we have
ZT
d
(0,m)(τ) = Tr
[
gmSD q
LL0− d24 q¯LR0−
d
24
]
= ϑ34
d/2
(τ) · 1
η(τ)d
∑
wE∈Zd
qw
tGw , (3.17)
for (m ∈ 2Z+ 1), where we have used θ2θ3θ4 = 2η3 and defined
ϑpq(τ) :=
θp(τ)θq(τ)
η(τ)2
. (3.18)
Below, we show that further choosing appropriate backgrounds yields the partition functions
with the desired modular covariance (3.7), and thus the modular invariant total partition
functions.
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4 T-folds from lattices
In this section, we show that one can systematically construct the fiber partition functions
with the desired modular covariance by choosing the background moduli Eij associated
with the Lie algebra lattices, namely, sublattices of the weight lattice of a semi-simple Lie
algebra. We first discuss the case of Englert-Neveu lattices [29] for simply-laced Lie algebras
and then the case of Euclidean even self-dual lattices, both of which are straightforwardly
realized by the momentum lattices of bosonic strings. For a review on the lattices in relation
to string theory, see for example [30].
4.1 Lie algebra lattices and Englert-Neveu lattices
We consider the background with an affine symmetry of level one X̂1 for a semi-simple
simply-laced Lie algebra X which is realized by [26, 31]
Eij = Cij (i > j) , Eii =
1
2
Cii , Eij = 0 (i < j) . (4.1)
Here, Cij is the Cartan matrix of X , and the indices are not summed in the middle equation.
The simple roots are normalized so that their norms are equal to two. In this background,
ei · ej = 2Gij = Cij (for any i, j), and thus ei are the simple roots, whereas the duals e∗i are
the fundamental weights. Since Eij ∈ Z, the sum over the momenta in (2.4) becomes that
over the weight lattice. Furthermore, since pRa − pLa = eajwj, the weights in the left- and
the right-movers belong to the same conjugacy class. Up to this constraint, one can confirm
by using the inverse of P (E) in (3.12) that the summation reduces to the independent ones
in each of the left- and right-movers. This gives an explicit realization of the Lorentzian
even self-dual (Narain) lattice (pL, pR) of the type called the Englert-Neveu lattice [29].
Thus, without twists, the relevant partition function is given by the sum of the diagonal
combinations of of the level-one affine Lie algebra characters for X ,∑
α
∣∣χXα (τ)∣∣2 , (4.2)
where
χXα (τ) :=
1
η(τ)r
∑
λα∈ΛX(α)
q
1
2
λ2α , (4.3)
and r is the rank of X . The summation is taken over the weights λα belonging to a
conjugacy class ΛX(α), i.e. an element of the coset Λ
∗
X/ΛX labeled by α, where Λ
∗
X and
9
ΛX are the weight and the root lattice of X , respectively. A conjugacy class Λ
X
(α) also
corresponds to an integrable representation of the affine Lie algebras at level one X̂1.
For our purpose, a useful fact on the Lie algebra lattices is that these characters form a
finite dimensional representation of the modular group, which is summarized as
χXα (τ)
∣∣
T
= TXαβ χ
X
β (τ) , χ
X
α (τ)
∣∣
S
= SXαβ χ
X
β (τ) . (4.4)
The modular matrices here are given by
TXαβ = e
−πi( r
12
−λ2
β
)δαβ , S
X
αβ =
1√
Nc
e2πiλα ·λβ , (4.5)
in terms of the weight vectors λα ∈ ΛX(α) and the number of the conjugacy classes Nc.
Now let us return to the construction of the partition functions for T-folds. First, we
note that, since Eij ∈ Z, the constraint wE ∈ Zd in (3.17) is automatically satisfied, and
hence the summation becomes that over the root lattice. This enables us to utilize the
above modular covariance to derive the partition functions in the twisted sectors.
Next, we note that the condition discussed in the previous section that gSD in (3.13)
with γL/R in (3.14) be integer-valued constrains the possible Englert-Neveu lattices. In
particular, due to the condition that G−1 = 2C−1 is integer-valued, we are left with
A1 , Dr (r : even) , E7 , E8 , (4.6)
among the simple simply-laced Lie algebras. Since Eij is triangular and its elements are
integral, Eij ∈ Z, one finds that gSD is indeed integer-valued for the algebras in (4.6) and
for their products, as discussed in section 3.3. Since any background realized by (4.1) is a
fixed point under some non-trivial O(d, d,Z) transformation [26,32], one may consider other
simply-laced Lie algebras. It may also be possible to consider the ZN elements of O(d, d,Z)
as in [15]. However, the corresponding twists are more involved than (3.14).
By starting from the twisted partition functions ZT
d
(0,m) given in (3.17) and using the
modular properties (4.4), we can now uniquely determine the whole building blocks ZT
d
(w,m)
for the cases (4.6) including the suitable phase factors to achieve the modular covariance
(3.7). We concisely call this prescription and the resultant blocks as the ‘modular com-
pletions’ 3 in the arguments below. Combining these ZT
d
(w,m) with other parts, we obtain
the modular invariant partition functions of the form (3.8) for the T-fold CFTs. One can
3In this paper we use this terminology in the sense different from e.g. [33].
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also utilize products ZT
d+d′
(w,m) = Z
T d
(w,m) × ZT
d′
(w,m) where each factor corresponds to any of the
algebras in (4.6).
We list the result of ZT
d
(w,m) in each case below. The corresponding Lie algebras are
explicitly denoted there. Among the list, the cases for D2 and D4 appeared e.g. in [16,17].
The appearance of A1 and E7 may also be of interest, since such a case is not covered by the
ordinary fermionization. We note that the action of gSD in the partition functions below
is Z2 in the untwisted Hilbert space with a = 0, which is in accord with the supergravity
picture. In the twisted Hilbert spaces with a 6= 0, this is however not the case, except for
Dr (r ∈ 8Z) and E8. A related discussion on the modular covariance in the A1 case is found
in [34]. In the following, we denote the fiber torus corresponding to X by T d[X ].
Partition functions for A1 : There are two conjugacy classes Λ
A1
(α) with α = 0, 1, which
include the spin α/2-representation. The norms of the weight λα for these conjugacy classes
are λ20 = 0, λ
2
1 = 1/2 (mod 2) and λ0 · λ1 = 0 (mod 1). Thus,
TA1αβ = e
− pi
12
i diag(1, i) , SA1αβ =
1√
2
(
1 1
1 −1
)
. (4.7)
Since Z
T 1[A1]
(0,m) (τ) = ϑ34(τ)
1/2
χA10 (τ) (m ∈ 2Z+ 1), the modular completion yields
Z
T 1[A1]
(a,b) (τ) =

∣∣χA10 (τ)∣∣2 + ∣∣χA11 (τ)∣∣2 (a ∈ 2Z , b ∈ 2Z) ,
e
pii
8
ab3 ϑ34(τ)
1
2 ·1
2
[
χA1+ (τ) + i
aχA1− (τ)
]
(a ∈ 2Z , b ∈ 2Z+ 1) ,
e−
pii
8
a3b ϑ23(τ)
1
2 · 1√
2
[
χA10 (τ) + i
bχA11 (τ)
]
(a ∈ 2Z+ 1 , b ∈ 2Z) ,
e−
pii
8
a3b ϑ24(τ)
1
2 · 1√
2
[
χA10 (τ) + i
a+b−1χA11 (τ)
]
(a ∈ 2Z+ 1 , b ∈ 2Z+ 1) ,
(4.8)
which indeed satisfies the desired modular covariance (3.7). Here, χA1± := χ
A1
0 ± χA11 , and
the explicit forms of the characters χA10,1 are found in (A.6) in the appendix.
Partition functions for Dr (r : even) : There are four conjugacy classes Λ
Dr
(α), which
include the vacuum, vector, spinor or conjugate-spinor representation. We label these by
α = 0, v, s, c, respectively. A representative weight in each conjugacy class is (0, ..., 0),
(1, 0, ...., 0), (±1/2,±1/2, ...) with even or odd number of minus signs. Thus,
TDrαβ = e
−pii
12
r diag(1,−1, epii4 r, epii4 r) , SDrαβ =
1
2

1 1 1 1
1 1 −1 −1
1 −1 ir −ir
1 −1 −ir ir
 . (4.9)
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Since Z
T r [Dr]
(0,m) (τ) = ϑ34(τ)
r/2
χDr0 (τ) (m ∈ 2Z+ 1), the modular completion yields
Z
T r[Dr]
(a,b) (τ) =

1
2|η(τ)|2r
[∣∣θ3(τ)∣∣2r + ∣∣θ4(τ)∣∣2r + ∣∣θ2(τ)∣∣2r] (a ∈ 2Z , b ∈ 2Z) ,
e
piir
8
ab ϑ34(τ)
r
2 · 1
2η(τ)r
[
θ3(τ)
r + e
piir
4
aθ4(τ)
r
]
(a ∈ 2Z , b ∈ 2Z+ 1) ,
e−
piir
8
ab ϑ23(τ)
r
2 · 1
2η(τ)r
[
θ3(τ)
r + e
piir
4
bθ2(τ)
r
]
(a ∈ 2Z+ 1 , b ∈ 2Z) ,
e−
piir
8
ab ϑ24(τ)
r
2 · 1
2η(τ)r
[
θ4(τ)
r + e
piir
4
(a+b−1)θ2(τ)r
]
(a ∈ 2Z+ 1 , b ∈ 2Z+ 1) ,
(4.10)
satisfying the modular covariance (3.7). The theta functions are related to the Dr characters
as in (A.8).
Partition functions for E7 : There are two conjugacy classes Λ
E7
(α), which include the
vacuum or the 56 representation. We label these by α = 0 and α = 1, respectively. The
norms of the corresponding weights are λ20 = 0, λ
2
1 = 3/2 (mod 2) and λ0 ·λ1 = 0 (mod 1).
Thus,
TE7αβ = e
− 7pi
12
i diag(1,−i) , SE7αβ =
1√
2
(
1 1
1 −1
)
. (4.11)
Since Z
T 7[E7]
(0,m) (τ) = ϑ34(τ)
7/2
χE70 (τ) (m ∈ 2Z+ 1), the modular completion yields
Z
T 7[E7]
(a,b) (τ) =

∣∣χE70 (τ)∣∣2 + ∣∣χE71 (τ)∣∣2 (a ∈ 2Z , b ∈ 2Z) ,
e
7pii
8
ab3 ϑ34(τ)
7
2 ·1
2
[
χE7+ (τ) + (−i)aχE7− (τ)
]
(a ∈ 2Z , b ∈ 2Z+ 1) ,
e−
7pii
8
a3b ϑ23(τ)
7
2 · 1√
2
[
χE70 (τ) + (−i)bχE71 (τ)
]
(a ∈ 2Z+ 1 , b ∈ 2Z) ,
e−
7pii
8
a3b ϑ24(τ)
7
2 · 1√
2
[
χE70 (τ) + (−i)a+b−1χE71 (τ)
]
(a ∈ 2Z+ 1 , b ∈ 2Z+ 1) ,
(4.12)
satisfying the modular covariance (3.7). Here , χE7± := χ
E7
0 ± χE71 , and the explicit forms of
the characters are found in (A.9) and (A.10).
Partition functions for E8 : There is only one conjugacy class including the vacuum
representation, which we label by α = 0. The norms of the weights is λ20 = 0 (mod 2).
This is an even self-dual lattice and hence the modular property is trivial up to the phases
coming from the eta functions for the oscillator part,
TE8αβ = e
− 8pi
12
i , SE8αβ = 1 . (4.13)
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Since Z
T 8[E8]
(0,m) (τ) = ϑ34(τ)
4
χE80 (τ) (m ∈ 2Z+ 1), the modular completion yields
Z
T 8[E8]
(a,b) (τ) =

∣∣χE80 (τ)∣∣2 (a ∈ 2Z , b ∈ 2Z) ,
ϑ34(τ)
4 · χE80 (τ) (a ∈ 2Z , b ∈ 2Z+ 1) ,
ϑ23(τ)
4 · χE80 (τ) (a ∈ 2Z+ 1 , b ∈ 2Z) ,
−ϑ24(τ)4 · χE80 (τ) (a ∈ 2Z+ 1 , b ∈ 2Z+ 1) ,
(4.14)
satisfying the modular covariance (3.7). The explicit form of the character χE80 (τ) is given
in (A.12).
4.2 Euclidean even self-dual lattices
Another class of the lattices for which the modular properties of the Euclidean lattice sum in
(3.17) are well controlled is those associated with Euclidean even self-dual lattices. Precisely,
we start from a Lorentzian lattice (pL, pR) which is specified by the basis e
∗i of a Euclidean
even self-dual lattice. The vielbein ei and the metric Gij are determined by (2.2). The
matrix corresponding to the Cartan matrix is defined in this case by Cij = 2Gij, which fixes
the background moduli Eij by adopting the relations (4.1). With this setting, after the
T-duality twist we are left with the sum over the Euclidean even self-dual lattice in (3.17).4
The Euclidean even self-dual lattices are allowed only for dimensions d ∈ 8Z. At d = 8,
the unique lattice is the E8 lattice, which is already discussed in the previous subsection. At
d = 16, there are two. One is the E8 × E8 lattice and the other is the Spin(32)/Z2 lattice.
At d = 24, there are twenty four. These are called Niemeier lattices.
For an even-self dual lattice, e∗i and ei span the same lattice since it is self-dual. Moreover
e∗i · e∗j , ei · ej ∈ Z (i 6= j) and they are even for i = j, since it is even. Thus, Gij/2, Eij ∈ Z
and the integer-valuedness of gSD for (3.14) is satisfied.
The even self-duality also means that the modular property of the lattice sum is trivial,
TESDαβ = e
−pid
12
i , SESDαβ = 1 , (4.15)
as in the E8 case. Thus, denoting the corresponding character by χ
ESD, the fiber partition
4A typical example of Euclidean odd self-dual lattices is Zn, which is also unique for dimensions n ≤ 8 (see
e.g. [35]). It is also realized as the Dn lattice with the conjugacy classes (0) and (1). However, the partition
function is not compatible with the modular covariance of the form (3.6): Starting with ZT
n
(0,1) = ϑ
n/2
34 θ
n
3 /η
n,
and assuming the covariance (3.6), successive transformations STSTS(6= 1) would give ZTn(0,1) = ϑ
n/2
34 θ
n
4 /η
n,
in contradiction. Choosing the basis so that ei · ej = Cij = δij , the integer-valuedness of gSD is not satisfied
either if we adopt (4.1) and (3.14).
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function for a d-dimensional even self-dual lattice reads
Z
T d[ESD]
(a,b) (τ) =

∣∣χESD(τ)∣∣2 (a ∈ 2Z , b ∈ 2Z) ,
ϑ34(τ)
d/2 · χESD(τ) (a ∈ 2Z , b ∈ 2Z+ 1) ,
ϑ23(τ)
d/2 · χESD(τ) (a ∈ 2Z+ 1 , b ∈ 2Z) ,
(−1)d/8ϑ24(τ)d/2 · χESD(τ) (a ∈ 2Z+ 1 , b ∈ 2Z+ 1) ,
(4.16)
satisfying the modular covariance (3.7). The explicit forms of χESD’s are found by using
the relation of these even-self dual lattices and Lie algebra lattices [30]. For example for
d = 16, the Spin(32)/Z2 lattice is realized as the D16 sublattices with the vacuum and the
spinor conjugacy class, and thus
χESD(τ) = χSpin(32)/Z2(τ) = χD160 (τ) + χ
D16
s (τ) , (4.17)
in this case. Furthermore, by the identity of the Eisenstein series E8(τ) = E4(τ)
2, one has
χSpin(32)/Z2 =
[
χE80 (τ)
]2
= χE8×E8.
As in the case of the Englert-Neveu lattices, combining these with other parts, we obtain
the modular invariant partition functions of the form (3.8) for the T-fold CFTs. The action
of gSD on Z
T d[ESD]
(a,b) in this case is Z2 both in the untwisted and twisted Hilbert spaces.
4.3 Twists with phases
In acting with the T-duality transformation, the relative phase between the left and the
right mover are not unique. Such a phase is strongly constrained when one requires that
the full operator product expansion, not only the chiral one, of the vertex operators respects
the invariance under the twist [7, 15]. For the A1 lattice, the phase in this case becomes
(−1)nw, with which the T-duality acts as an inner automorphism of su(2)L ⊕ su(2)R [7, 8].
In section 5, the possibility of including such phases is explicitly discussed, when we apply
our construction to the T-fold CFTs for the heterotic string. In the partition function, the
above phase is implemented by the shift τ → τ + 1/2 since p2L − p2R ∈ 2Z. It would be an
interesting problem if the phases in higher dimensional cases [15] are also interpreted from
the current algebra or the lattice point of view.
5 Application to heterotic string theory
So far, we have discussed T-folds in bosonic string theory. Our construction can be applied
straightforwardly to the case of superstrings. In particular, applying the results of the
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Englert-Neveu lattices for D2, D4 to type II superstrings reduces to the analysis in [16].
Its generalization has also been discussed [17]. A notable point in these analyses is that,
combined with further twists, our T-fold CFTs simply realize the non-supersymmetric vacua
with vanishing cosmological constant at least at one loop.
In this section, we apply our construction to the heterotic string theory. In our set up,
the left-mover is the bosonic string with the E8 × E8-lattice, while the right-mover is the
superstring including the fermionic one. We focus on the supersymmetric models preserving
8 space-time supercharges. Namely, we assume that the chiral reflection acts on the right-
movers along a four dimensional fiber torus, which we choose to be T 4[D4] for simplicity.
We briefly comment on the case T 4[D2 × D2] ≡ T 4[(A1)4] later on. The T-fold CFTs for
the heterotic string have been discussed e.g. in [6, 11].
However, since we are considering asymmetric orbifolds, we still have a large variety
of possibilities for the heterotic vacua: the orbifold group may act non-trivially on (i) the
left-mover of T 4[D4] and (ii) the 16-dim. internal torus with the E8 × E8 lattice, while
maintaining the modular invariance. We demonstrate how we can systematically construct
the modular invariants describing a large number of such heterotic string vacua, by utilizing
the modular covariant blocks (4.8), (4.10), (4.12) given in section 4. Above all, we uncover
a fairly non-trivial phase factor that realizes the manifest modular covariance of the total
building blocks.
5.1 Orbifold action for heterotic T-folds
Let us elaborate on a concrete construction of the models of heterotic T-folds. We start with
the E8 ×E8 heterotic string compactified on T 4[D4] (X6,...,9-directions). As in the previous
section, we consider the orbifolding by σ ≡ T2πR ⊗ g. Here, g acts along the T 4-direction as
the chiral reflection,
g : X iR 7−→ −X iR, ψiR 7−→ −ψiR, (i = 6, 7, 8, 9), (5.1)
which preserves 1/2-SUSY, while T2πR denotes the shift operator acting on the ‘base’ X5-
direction,
T2πR : X5 ≡ X5L +X5R 7−→ X5 + 2πR. (5.2)
We use the notation ZR,(w,m)(τ) defined in (3.5) to write down the partition function for the
X5-direction.
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r 0 1 2 3 4 5 6 7 8
Xr trivial A1 D2 A1D2 D4 A1D4 D6 E7 E8
Table 1: list of Xr
We further allow g to act non-trivially on the left-mover as the ‘chiral shifts’ along various
compact directions characterized by three integers (r1, r2, r3), where r1(≤ 4), r2, r3(≤ 8) are
associated with T 4[D4] and the two E8-directions. Requiring the modular covariance, it
turns out that this orbifold action provides extra phases mentioned in section 4.3. We now
separately specify the orbifold action g on these sectors.
Action on left-mover of T 4[D4]-direction :
As mentioned above, g acts as the chiral reflection (−1R)⊗4 for the right-mover.
To specify the left-moving action, we consider the decomposition of the conjugacy classes
of D4 for a fixed integer r1 (0 ≤ r1 ≤ 4),
ΛD4(α) =
∑
{αi},β
[
ΛA1(α1) ⊕ · · · ⊕ ΛA1(αr1 )
]
⊕ ΛX4−r1(β) , (5.3)
where α = 0, v, s, c for D4, and α = 0, 1 for A1 as in section 4.1. We also denote by α = 0
the conjugacy class for the basic representation (the root lattice itself) for any algebra X ,
i.e. ΛX(0) ≡ ΛX . We can uniquely determine the (semi-simple) Lie algebra X4−r1 of rank
4− r1 on the R.H.S. by imposing the following conditions;
(i) X4−r1 is composed only of the irreducible components given in (4.6), that is, A1, Dr (r:
even), E7, E8.
(ii) X4−r1 is ‘maximal’ in the following sense; when taking Λ
D4
(0) ≡ ΛD4 on the L.H.S of (5.3),
there is only one component with α1 = · · · = αr1 = 0 on the R.H.S, which should
inevitably couple with Λ
X4−r1
(0) . (In other words, the conjugacy class Λ
X4−r1
(β) with β 6= 0
always couples with at least one spin 1/2-representation in the r1 factors of A1.)
We explicitly exhibit the solutions of Xr in table 1 for r ≤ 4. The entries for r ≥ 5 in this
table are used shortly in the discussion on the E8-part.
Then, we define the left-moving action of g as an involution g|left-mover = [ρA1 ]⊗r1 associ-
ated with the lattice component [ΛA1(∗)]
r1, where ρA1 is an involutive (outer-)automorphism
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acting on the Â1-currents {Ja} (a = 1, 2, 3) as5
ρA1J
a(z)ρ−1A1 = −Ja(z), (a = 1, 2), ρA1J3(z)ρ−1A1 = J3(z). (5.4)
This operator is actually interpreted as the chiral half-shift along the direction of lattice ΛA1(∗)
(up to some phase factor), when the Â1-currents J
a are bosonized in the standard fashion.
We next consider the relevant partition sum with the orbifold twist g inserted. To this
end, we recall that g acts on the right-mover as the chiral reflection (−1R)⊗4, which leaves
the sum over the root lattice in the left-mover as in (3.17). Together with the condition
(ii) given above as well as the definition of ρA1 , it is then obvious that only the basic
representation of
[
Â1
]r1 ⊕ X̂4−r1 can yield non-vanishing contributions. The right-mover
just gives [ϑ34(τ)1/2]
4
, as already described in section 4. On the other hand, the [ρA1 ]
⊗r1-
twist in the left-mover acts as sign factors on the relevant charge lattice, while leaving the
oscillator parts unchanged, which again provides
[
ϑ34(τ)
1/2
]r1
eventually. (See e.g. [8] for
detail.) In this way, we obtain
TrT 4[D4]
[
gqL0−
4
24 qL˜0−
4
24
]
= ϑ34(τ)2 · ϑ34(τ)
r1
2 χ
X4−r1
0 (τ)
≡
[
χ˜A1(0,1)(τ)
]4
·
[
χ˜A1(0,1)(τ)
]r1
χ
X4−r1
(0,1) (τ). (5.5)
Here, the building blocks χXr(0,1)(τ) ≡ χXr0 (τ) from the lattice and χ˜A1(0,1)(τ) ≡ ϑ34(τ)1/2 for
the ρA1-twist already appeared in (4.8), (4.10), (4.12), and are summarized in appendix A.1
explicitly. For later convenience, we have also rewritten ϑ34
1/2
in the right-mover as χ˜A1(0,1),
although it does not necessarily originate from the Aˆ1-symmetry.
For example, in the case of r1 = 1, the relevant decomposition is
ΛD4 = Λ
A1
(0) ⊕ ΛX3(0) + · · · ≡ ΛA1 ⊕ ΛA1 ⊕ ΛD2 + · · ·. (5.6)
and the trace (5.5) becomes[
χ˜A1(0,1)(τ)
]4
· χ˜A1(0,1)(τ)χX3(0,1)(τ) ≡
θ23θ
2
4
η4
·
[
θ3θ4
η2
] 1
2
χA10 (τ)χ
D2
0 (τ), (5.7)
5ρA1 is explicitly written as
ρA1 = e
−iπ ℓ
2 eiπJ
3
0 ,
on the integrable representation of spin ℓ/2 (ℓ = 0, 1). The phase factor e−iπ
ℓ
2 is necessary to make ρA1
involutive. Note that the simpler inner-automorphism ρ˜A1 ≡ eiπJ
3
0 is not involutive;
[ρ˜A1 ]
2 = (−1)ℓ,
which would play the role of the ‘Z4-chiral reflection’ appearing in [16, 17]. It is presumably an interesting
possibility to extend the heterotic vacua given in this section so as to include the Z4-action ρ˜A1 , and we
would like to discuss it elsewhere.
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where χA10 (τ), χ
D2
0 (τ) are the characters of basic representations of (Â1)1, (D̂2)1 respectively.
Action on two E8-directions :
Let us first focus on one of the E8-factors. There, we have a unique conjugacy class, that
is, the root lattice itself. We fix an integer r2 (0 ≤ r2 ≤ 8), and consider the decomposition
of the root lattice ΛE8 as
ΛE8 =
∑
{αi},β
[
ΛA1(α1) ⊕ · · · ⊕ ΛA1(αr2 )
]
⊕ ΛX8−r2(β) . (5.8)
The decomposition (5.8) is again uniquely determined by essentially the same conditions as
for T 4[D4], i.e. (i) and (ii) with D4, X4−r1 replaced by E8, X8−r1, respectively. The result
of X8−r2 is listed in table 1.
6
We then define the g-action in this sector by [ρA1 ]
⊗r2 associated with the lattice compo-
nent [ΛA1(∗)]
r2 . Since the relevant trace has contribution only from the basic representation
of X8−r2, we have
TrE8 [gq
L0− 824 ] =
[
χ˜A1(0,1)(τ)
]r2
χ
X8−r2
(0,1) (τ). (5.9)
The g-action for another E8-factor is defined in the same way with an integer r3 (0 ≤
r3 ≤ 8).
5.2 Construction of heterotic T-folds
Now, let us discuss how to construct the full building blocks characterized by the three
integers (r1, r2, r3), which are modular covariant. In other words, we would like to construct
the modular completions of (5.5) and (5.9). For this purpose we recall the modular covari-
ant blocks (4.8), (4.10), (4.12), and consider their extensions to the r-dim. torus T r[Xr]
composed of their products. For the ‘odd sector’ with a ∈ 2Z + 1 or b ∈ 2Z + 1, they are
organized into the form,
Z
T r[Xr ]
(a,b) (τ) := ǫ
[r]
(a,b)
[
χ˜A1(a,b)(τ)
]r
χXr(a,b)(τ). (5.10)
6The uniqueness of the decomposition (5.8) would be slightly non-trivial, even though it is almost trivial
for the D4-case (5.3). For instance, in the case of r2 = 1, one might think that another decomposition
ΛE8 = Λ
A1
(0) ⊕
(
ΛA1(0) ⊕ ΛD6(0)
)
+ Λrem,
would be allowed. However, Λrem here includes the conjugacy class such as Λ
A1
(0) ⊕
(
ΛA1(1) ⊕ ΛD6(s)
)
. Thus,
this possibility is excluded by the condition (ii), and we obtain the unique decomposition with X7 = E7.
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Here ǫ
[r]
(a,b) denotes the phase factor assuring the modular covariance, which can be directly
read off from (4.8), (4.10), (4.12), and generally expressed as
ǫ
[r]
(a,b) := e
ipi
8
r(−1)aab (κ(a,b))r , (a ∈ 2Z+ 1 or b ∈ 2Z+ 1), (5.11)
with
κ(a,b) :=
{ −1 a ≡ 3, 5 (mod 8), b ∈ 2Z+ 1,
1 otherwise.
(5.12)
Note that the peculiar factor κ(a,b) affects only for odd r.
Furthermore, it is useful to note the following observations:
• The function
∣∣∣χ˜A1(a,b)(τ)∣∣∣2 satisfies the modular covariance of the form (3.6).
• The function (−1)ab
[
χ˜A1(a,b)(τ)
]8
is similarly modular covariant up to the phases arising
from the T -transformation acting on the factor η(τ)−8.
Based on these facts, one can construct the building blocks with the expected modular
properties as follows:
(1) T 4[D4]-sector : Fix an integer r (0 ≤ r ≤ 4), and set
F
[r]
(a,b)(τ) := Z
T r[Xr ]
(a,b) (τ) ·
∣∣∣χ˜A1(a,b)(τ)∣∣∣2(4−r)
≡ ǫ[r](a,b)
[
χ˜A1(a,b)(τ)
]4 [
χ˜A1(a,b)(τ)
]4−r
χXr(a,b)(τ). (5.13)
By construction, F
[r]
(a,b)(τ) is obviously modular covariant as
F
[r]
(a,b)(τ)
∣∣∣
T
= F
[r]
(a,a+b)(τ), F
[r]
(a,b)(τ)
∣∣∣
S
= F
[r]
(b,−a)(τ). (5.14)
(2) E8 ×E8-sector : For a single E8-factor, fix an integer s (0 ≤ s ≤ 8), and define a
chiral building block as
G
[s]
(a,b)(τ) := Z
T r [Xs]
(a,b) (τ) ·
∣∣∣χ˜A1(a,b)(τ)∣∣∣−2s · (−1)ab [χ˜A1(a,b)(τ)]8
≡ ǫ[s](a,b)(−1)ab
[
χ˜A1(a,b)(τ)
]8−s
χXs(a,b)(τ). (5.15)
Then, G
[s]
(a,b)(τ) is ‘almost’ modular covariant, which precisely means the following
modular properties,
G
[s]
(a,b)(τ)
∣∣∣
T
= e−2πi
1
3 G
[s]
(a,a+b)(τ), G
[s]
(a,b)(τ)
∣∣∣
S
= G
[s]
(b,−a)(τ). (5.16)
Chiral blocks for another E8-factor are identical.
19
To describe the total modular invariant, we still need to describe the free fermion chiral
block in the right-mover, which is twisted by (−1R)⊗4. This has been presented e.g. in
[16, 17], and can be concisely expressed as
f(a,b)(τ) =(−1)abǫ[4](a,b)
[(
χ˜A1(a,b)(τ)
)4
−
(
χ˜A1(a,b)(τ)
)4]
, (a ∈ 2Z+ 1 or b ∈ 2Z+ 1),
(5.17)
in terms of the notation adopted here. Here the trivial cancellation appearing in the bracket
[· · ·] just means the existence of supersymmetry. A more explicit form of f(a,b)(τ) is given
in appendix A.2. The modularity of f(a,b)(τ) is expressed as
f(a,b)(τ)
∣∣∣
T
= −e2πi 16 f(a,a+b)(τ), f(a,b)(τ)
∣∣∣
S
= f(b,−a)(τ). (5.18)
Combining all the sectors, we can write down the total partition function characterized
by three integers (r1, r2, r3) (0 ≤ r1 ≤ 4, 0 ≤ r2, r3 ≤ 8) as follows:
Z [r1,r2,r3](τ) =
1
2
Z5d(τ)
∑
w,m∈Z
ZR,(w,m)(τ)Z
[r1,r2,r3]
(w,m) (τ), (5.19)
where
Z
[r1,r2,r3]
(w,m) (τ) :=
[(
θ3
η
)4
−
(
θ4
η
)4
−
(
θ2
η
)4] ∑
j
∣∣χD4j (τ)∣∣2 [χE80 (τ)]2 , (5.20)
for the ‘even sector’ (w,m ∈ 2Z), which is actually independent of (r1, r2, r3), and
Z
[r1,r2,r3]
(w,m) (τ) := f(w,m)(τ)F
[4−r1]
(w,m) (τ)G
[8−r2]
(w,m)(τ)G
[8−r3]
(w,m) (τ)
≡ ǫ[−
∑
i ri]
(w,m)
[(
χ˜A1(w,m)(τ)
)4
−
(
χ˜A1(w,m)(τ)
)4][
χ˜A1(w,m)(τ)
]4
×
[
χ˜A1(w,m)(τ)
]∑
i ri
χ
X4−r1
(w,m) (τ)
∏
i=2,3
χ
X8−ri
(w,m)(τ), (5.21)
for the ‘odd sector’ (w ∈ 2Z+1 or m ∈ 2Z+1). In (5.19), we denote the (transverse part of)
bosonic sector of the X0,1,...,4-directions as Z5d(τ), which is assumed to be modular invariant
and not important here. The modular invariance of the total partition function Z [r1,r2,r3](τ)
is now obvious due to the modular covariance of the building blocks Z
[r1,r2,r3]
(w,m) (τ). Especially
the covariance of the odd sector (5.21) is readily confirmed by the relations (5.14), (5.16)
and (5.18).
We add a few comments:
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r 0 1 2 3 4
Yr trivial A1 D2 A1D2 D2D2
Table 2: list of Yr
• In the cases when all ri are even, only the D2r-lattices (or the E8-lattice itself) come
into the above construction. For these cases, our heterotic T-fold vacua can be repro-
duced by the free fermion construction. However, when at least one of ri is odd, our
construction does not reduce to the free fermion construction.
• It is straightforward to apply the above construction to the case of T 4[D2 × D2]
(≡ T 4[(A1)4]). The lattice decomposition (5.3) should be replaced with
ΛD2×D2(α) =
∑
{αi},β
[
ΛA1(α1) ⊕ · · · ⊕ ΛA1(αr1 )
]
⊕ ΛY4−r1(β) , (5.22)
and the root system Yr (0 ≤ r ≤ 4) is uniquely determined as for T 4[D4]. The result is
explicitly listed in table 2. Therefore, in order to construct the desired vacua, we only
have to replace χ
X4−r1
(w,m) (τ) with χ
Y4−r1
(w,m)(τ) in (5.21), and also χ
D4
j (τ) with
[
χD2j (τ)
]2
in
(5.20).
5.3 Unitarity in each winding sector
In the heterotic string vacua we constructed above, the action of the orbifold twist σ =
T2πR ⊗ g is simple in the untwisted sector, namely, the unwound sector along S1R, because
g is involutive on the untwisted Hilbert space, g2 = 1. However, the situation gets much
more complicated in the twisted sectors, especially in the winding sectors with odd winding
w ∈ 2Z+ 1 due to the existence of the non-trivial phase factor ǫ[∗](w,m) given in (5.11). It is
thus not so obvious whether or not the string spectrum is unitary in each winding sector,
which is read off by the standard technique of the Poisson resummation with respect to
the temporal winding m. Namely, after summing over m and rewriting the total partition
function in the form,
Z [r1,r2,r3](τ) = Z5d(τ)
∑
w∈Z
[
Z(NS)w (τ) + Z
(R)
w (τ)
]
(≡ 0) , (5.23)
each of Z
(NS)
w (τ) should be q- (and q¯-) expanded with coefficients belonging to Z≥0.
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Although it would look more cumbersome because of the complexity of the phase factor
ǫ
[∗]
(w,m), we can perform the Poisson resummation analysis in a manner following [14, 16, 17].
After that, we can confirm that the above heterotic vacua are indeed unitary for an arbitrary
choice of (r1, r2, r3). We here briefly sketch how it works as follows:
• For the sectors with w ∈ 2Z, it is easy to see the spectrum is unitary. Indeed, since the
fermion chiral block f(a,b)(τ) given in (5.17) (or (A.19) for a more explicit form) with
a ∈ 2Z, b ∈ 2Z+1 vanishes because of the cancellation only within the NS-sector, we
find
Z(NS)w (τ) = Z
(NS)
w (τ)
∣∣
evenm
, Z(NS)w (τ)
∣∣
oddm
≡ 0, (∀w ∈ 2Z), (5.24)
where Z
(NS)
w (τ)|evenm (Z(NS)w (τ)|oddm) denotes the summation over the even (odd) tem-
poral windingm. The remaining Z
(NS)
w (τ)
∣∣∣
evenm
is then q-expanded in the desired form
thanks to the absence of the phase factor ǫ
[∗]
(w,m) in (5.20).
• For the sectors with w ∈ 2Z+ 1, we have
Z(NS)w (τ) = Z
(NS)
w (τ)
∣∣
evenm
+ Z(NS)w (τ)
∣∣
oddm
= Z(NS)w (τ)
∣∣
evenm
+ Z(NS)w (τ + 1)
∣∣
evenm
. (5.25)
The equality in the second line follows just because of the covariance of total building
blocks under the modular T -transformation.
• Nextly, we evaluate Z(NS)w (τ)|evenm, (w ∈ 2Z + 1) by using the Poisson resummation.
The relevant computation is now straightforward, since the phase factor ǫ
[∗]
(w,m) is rela-
tively simple, ǫ
[−r¯]
(w,2m′) = e
iπ r¯
4
wm′ , where we set r¯ ≡∑i ri. Other types of phase factors
may come from χXr(w,2m′)(τ) as in (A.13), (A.14) and (A.15). In any case, however, the
relevant phase factors always have the form such as e2πiαm
′
with some rational number
α. This yields the shift of the KK momentum, 1
2R
n → 1
2R
(n+α), and no extra phases
are left. We thus obtain the q-expansion with positive coefficients belonging to 1
2
Z.7
• Finally, we pick up the remaining sector, Z(NS)w (τ)|oddm ≡
[
Z
(NS)
w (τ)|evenm
]∣∣∣
T
. As
pointed out in [14], this is Poisson resummed into almost the same form as Z
(NS)
w (τ)|evenm,
but with an extra minus sign in each term with the level mismatch h− h˜ ∈ 1
2
+Z. In
the end, we conclude that the total partition sum for the odd winding sector (5.25) is
indeed q-expanded only with the coefficients belonging to Z≥0.
7The potential factor 1/2 in the coefficients of q-expansion comes from the fact that the Poisson resum-
mation is now made over m ∈ 2Z rather than m ∈ Z.
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6 Conclusions
We demonstrated that one can systematically construct the modular invariant partition
functions for the T-fold CFTs by using the Lie algebra lattices. We first discussed the case
of bosonic strings. By the condition that the background moduli is at a fixed point for
a simple T-duality transformation realized as a chiral reflection, the possible Lie algebras
for the Englert-Neveu lattices are restricted to the four cases listed in (4.6) among simple
simply-laced ones. Based on the fact that the characters of the level-one affine Lie algebras
form a finite dimensional representation of the modular group, the partition functions for
the fiber torus part are found to satisfy the modular covariance of the form (3.7). The
results are listed in (4.8), (4.10), (4.12) and (4.14). Together with the base part, summing
up these gives the desired modular invariants for T-folds. Similar constructions are possible
also by using the Euclidean even self-dual lattices.
We then applied the above construction to the T-folds in the E8 × E8 heterotic string
theory. As an example, we took a fiber torus representing the D4 Englert-Neveu lattice.
Incorporating the non-trivial twists/phases in the left-moving sector, we obtained a class
of modular invariant partition functions of the T-fold CFTs which are labeled by three
integers. In the twisted sectors, the partition functions in the left-mover are given by the
building blocks obtained in the bosonic-string case, which are composed of the characters
of the affine Lie algebras at level one. After the Poisson resummation, one can also check
the unitarity of the spectrum. The case of the D2 ×D2 torus was briefly discussed.
Our construction in the bosonic-string case formally resembles the truncation of the
bosonic-string spectrum to the heterotic-string spectrum, which is used to study the T-
duality of the latter [26, 32]. Indeed, one can start with a (d+ d′)-dimensional torus whose
background moduli takes the same form as in the truncation,
EIJ =
(
Eij 0
Aµj Eµν +
1
4
AµiAνjG
ij
)
(i, j = 1, . . . , d, µ, ν = 1, . . . , d′), (6.1)
and proceed as in section 3 and 4. An interesting possibility in this case is that the additional
moduli Aµk may be incorporated in the T-fold CFTs. For this to be the case, one needs
to check the fixed-point condition of the T-duality and also to confirm that the twisted
partition functions with non-trivial Aµi indeed satisfy the modular covariance of the form
(3.7). We leave these as future problems.
It is worthwhile to remark that the heterotic T-folds we constructed include novel cases
which contain rather non-trivial phase factors and are not reduced to the free fermion
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construction. It would thus be interesting to apply our construction to building the ‘realistic’
heterotic vacua of asymmetric orbifolds, since recent attempts so far are mainly based on
the free fermion construction e.g. as in [11] for the SUSY vacua and in [36–40] for the
SUSY-breaking ones. Especially, it is indeed possible to extend the present construction to
a variety of the non-SUSY heterotic T-folds by following [16,17]. It would also be interesting
to figure out the moduli space of such a class of vacua. We would like to return to these
issues in a future work.
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A Summary of building blocks
In this appendix we summarize the definitions of the building blocks that are repeatedly
used in the main text.
A.1 Building blocks associated with Lie algebra lattices
As preparation, we summarize our conventions of theta functions and the character formulas
of affine Lie algebras relevant to our analysis.
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Theta functions : Our convention of theta functions are
θ1(τ, z) := i
∞∑
n=−∞
(−1)nq(n−1/2)2/2yn−1/2 ≡ 2 sin(πz)q1/8
∞∏
m=1
(1− qm)(1− yqm)(1− y−1qm),
(A.1)
θ2(τ, z) :=
∞∑
n=−∞
q(n−1/2)
2/2yn−1/2 ≡ 2 cos(πz)q1/8
∞∏
m=1
(1− qm)(1 + yqm)(1 + y−1qm),
(A.2)
θ3(τ, z) :=
∞∑
n=−∞
qn
2/2yn ≡
∞∏
m=1
(1− qm)(1 + yqm−1/2)(1 + y−1qm−1/2), (A.3)
θ4(τ, z) :=
∞∑
n=−∞
(−1)nqn2/2yn ≡
∞∏
m=1
(1− qm)(1− yqm−1/2)(1− y−1qm−1/2), (A.4)
η(τ) := q1/24
∞∏
n=1
(1− qn), (A.5)
where q := e2πiτ , y := e2πiz. We use abbreviations, θi(τ) ≡ θi(τ, 0) with θ1(τ) ≡ 0.
Characters of (Â1)1 :
The character of affine A1 of level one ((Â1)1) is written as
χA10 (τ) :=
θ3(2τ)
η(τ)
(basic rep.), χA11 (τ) :=
θ2(2τ)
η(τ)
(spin 1/2 rep.). (A.6)
We also define
χA1± (τ) := χ
A1
0 (τ)± χA11 (τ). (A.7)
Characters of (D̂r)1 (r ∈ 2Z>0) :
The characters of (D̂r)1 are given by
χDr0 (τ) :=
1
2η(τ)r
[
θ3(τ)
r + θ4(τ)
r
]
(basic rep.),
χDrv (τ) :=
1
2η(τ)r
[
θ3(τ)
r − θ4(τ)r
]
(vector rep.),
χDrs (τ) ≡ χDrc (τ) :=
θ2(τ)
r
2η(τ)r
(spinor and cospinor rep.). (A.8)
Characters (Ê7)1 :
The character of (Ê7)1 is given by
χE70 (τ) :=
1
2η(τ)7
[
θ3(2τ)
(
θ3(τ)
6 + θ4(τ)
6
)
+ θ2(2τ)θ2(τ)
6
]
, (A.9)
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for the basic representation, and by
χE71 (τ) :=
1
2η(τ)7
[
θ2(2τ)
(
θ3(τ)
6 − θ4(τ)6
)
+ θ3(2τ)θ2(τ)
6
]
, (A.10)
for the fundamental representation 56 with conformal weight h = 3
4
. We also define
χE7± (τ) := χ
E7
0 (τ)± χE71 (τ). (A.11)
Character of (Ê8)1 :
The root lattice of E8 is the simplest example of even self-dual lattices, and the
corresponding chiral block for strings is the character of the basic representation of
(Ê8)1,
χE80 (τ) :=
1
2η(τ)8
[
θ3(τ)
8 + θ4(τ)
8 + θ2(τ)
8
]
. (A.12)
Now, we summarize the functions used in order to compose the modular covariant
blocks in the main text, which are associated with the Lie algebra lattices for A1, Dr(r ∈
2Z>0), E7, E8:
χDr(a,b)(τ) :=

1
2η(τ)r
{
θ3(τ)
r + e
ipir
4
aθ4(τ)
r
}
, (a ∈ 2Z, b ∈ 2Z+ 1),
1
2η(τ)r
{
θ3(τ)
r + e
ipir
4
bθ2(τ)
r
}
, (a ∈ 2Z+ 1, b ∈ 2Z),
1
2η(τ)r
{
θ4(τ)
r + e
ipir
4
(a+b−1)θ2(τ)r
}
, (a ∈ 2Z+ 1, b ∈ 2Z+ 1),
(A.13)
χA1(a,b)(τ) :=

1
2
{
χA1+ (τ) + e
ipi
2
aχA1− (τ)
}
, (a ∈ 2Z, b ∈ 2Z+ 1),
1√
2
{
χA10 (τ) + e
ipi
2
bχA11 (τ)
}
, (a ∈ 2Z+ 1, b ∈ 2Z),
1√
2
{
χA10 (τ) + e
ipi
2
(a+b−1)χA11 (τ)
}
, (a ∈ 2Z+ 1, b ∈ 2Z+ 1),
(A.14)
χE7(a,b)(τ) :=

1
2
{
χE7+ (τ) + e
− ipi
2
aχE7− (τ)
}
(a ∈ 2Z, b ∈ 2Z+ 1),
1√
2
{
χE70 (τ) + e
− ipi
2
bχE71 (τ)
}
(a ∈ 2Z+ 1, b ∈ 2Z),
1√
2
{
χE70 (τ) + e
− ipi
2
(a+b−1)χE71 (τ)
}
(a ∈ 2Z+ 1, b ∈ 2Z+ 1),
(A.15)
χE8(a,b)(τ) := (−1)abχE80 (τ), (a ∈ 2Z+ 1 or b ∈ 2Z+ 1). (A.16)
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In each case, the integer labels a, b characterize the spatial and temporal boundary condi-
tions. We also denote
χ˜A1(a,b)(τ) :=

1
η(τ)
∑
n∈Z
(−1)nqn2 ≡
√
θ3(τ)θ4(τ)
η(τ)2
, (a ∈ 2Z, b ∈ 2Z+ 1),
√
2
η(τ)
∑
n∈Z
q(n+
1
4)
2
≡
√
θ3(τ)θ2(τ)
η(τ)2
, (a ∈ 2Z+ 1, b ∈ 2Z),
√
2
η(τ)
∑
n∈Z
(−1)nq(n+ 14)
2
≡
√
θ4(τ)θ2(τ)
η(τ)2
, (a ∈ 2Z+ 1, b ∈ 2Z+ 1),
(A.17)
for the (Â1)1-characters twisted by the involution ρA1 ≡ e−
ipi
2
ℓeiπJ
3
0 in (5.4). See e.g. ap-
pendix C of [8] for more detail. These coincide with ϑ
1/2
pq defined in (3.18). It is easy to
confirm the equality
χD2(a,b)(τ) =
[
χA1(a,b)(τ)
]2
,
which is consistent with the isomorphism of the root lattices ΛD2
∼= ΛA1 ⊕ΛA1 . We also use
the notation such as χX3(a,b)(τ) ≡ χA1(a,b)(τ)χD2(a,b)(τ) for X3 = A1D2 (see table 1).
A.2 Free fermion chiral blocks
We next describe the chiral blocks for the 8 world-sheet fermions ψiL twisted by
(−1L)⊗4 : ψiL 7−→ − ψiL, (i = 6, . . . , 9). (A.18)
The relevant blocks are explicitly written as
f(a,b)(τ) := 2q
1
4
a2e
ipi
2
ab
(
θ1
(
τ, aτ+b
2
)
η(τ)
)2(
θ1(τ, 0)
η(τ)
)2
≡ (−1)abe ipi2 ab
[(
χ˜A1(a,b)(τ)
)4
−
(
χ˜A1(a,b)(τ)
)4]
≡

e
ipi
2
ab
{(
θ3
η
)2 (
θ4
η
)2
−
(
θ4
η
)2 (
θ3
η
)2
+ 0
}
(a ∈ 2Z, b ∈ 2Z+ 1)
e
ipi
2
ab
{(
θ3
η
)2 (
θ2
η
)2
+ 0−
(
θ2
η
)2 (
θ3
η
)2}
(a ∈ 2Z+ 1, b ∈ 2Z)
−e ipi2 ab
{
0 +
(
θ2
η
)2 (
θ4
η
)2
−
(
θ4
η
)2 (
θ2
η
)2}
(a ∈ 2Z+ 1, b ∈ 2Z+ 1).
(A.19)
27
In the last line, each term corresponds to the NS, N˜S, R sectors with keeping this order.
These trivially vanish, as is consistent with the space-time SUSY. They satisfy the modular
covariance of the form,
f(a,b)(τ)|S ≡ f(a,b)
(
−1
τ
)
= f(b,−a)(τ),
f(a,b)(τ)|T ≡ f(a,b)(τ + 1) = −e−2πi 16f(a,a+b)(τ). (A.20)
Therefore, setting
J (τ) :=
(
θ3
η
)4
−
(
θ4
η
)4
−
(
θ2
η
)4
, (A.21)
we find [
J (τ)f(a,b)(τ)
]∣∣∣
S
≡ J
(
−1
τ
)
f(a,b)
(
−1
τ
)
= J (τ)f(b,−a)(τ),[
J (τ)f(a,b)(τ)
]∣∣∣
T
≡ J (τ + 1)f(a,b)(τ + 1) = J (τ)f(a,a+b)(τ). (A.22)
Since (A.19) vanishes, the relations (A.20) may appear to be ambiguous. See, however, [16]
for more precise arguments.
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